Abstract. Spaces of Sobolev type are discussed, which are defined by the operator with singularity: 
Introduction and the main results
This paper is concerned with spaces of Sobolev type defined by the operator with singularity:
with a real constant c specified later. The operator p = −i D, called the momentum operator, appears in a one-dimensional harmonic oscillator governed by Wigner's commutation relations [7] :
where the Hamiltonian is of the classical form
Assuming that x is the multiplication by x, Yang [8] The purpose of this paper is to prove the following theorems, and then to apply them to the Schrödinger equation.
in Ω, where
Theorem 2. Let c, u and v be as in Theorem 1. Then v/x
β is continuous on Ω, where
(otherwise) with k ∈ N.
Since the singular term 1/x appears in the expression for D, we mainly deal with the case where Ω contains the origin x = 0. We remark that the relation α = m − 1 holds not only for c = 0 (Sobolev's lemma) but also for c = 2k. See e.g. Yosida [9, pp.174-175 ] for Sobolev's lemma. One may expects that v/x β is singular at the origin x = 0. But, under the condition of Theorem 2, it remains continuous at the origin. As is well known, the Fourier transform plays an important role in the proof of Sobolev's lemma. In like manner we will prove our theorems using such a transform. This one, called the Bessel transform, is introduced in the study of the self-adjointness of the momentum operator p = −i D and the Hamiltonian H = ( p 2 + x 2 )/2 [4] . When c = 0, the Bessel transform coincides with the Fourier transform, and hence it is regarded as a generalization of the Fourier transform.
Preliminaries
We summarize some results obtained previously in this direction. The Bessel transform B is a unitary operator from
with L 2 -norm · . Moreover, we have
2) 
with J ν being the Bessel function. When c = 0, ϕ(x y) = e i x y / √ 2π and the Bessel transform coincides with the Fourier transform. So the Bessel transform is regarded as a generalization of the Fourier transform. Ohnuki and Kamefuchi [3, pp.289-296] are the first to obtain the function ϕ in the study of the eigenvalue problem of the momentum operator p :
The multiplication by y is self-adjoint on the set
Moreover, the self-adjointness of p is proved in [4] and [6] . With the aid of the Bessel transform, they are shown to be unitarily equivalent to each other [4, Proposition 4.2], i.e.,
For unitary equivalence, see e.g. Goldstein [2, p.94] .
The following are simple consequences of (2.3). Let us recall here that c > 1.
Let us regard ϕ( · y) as a function of x ∈ Ω with y ∈ R 1 . Then :
with k ∈ N.
Proofs of Theorems 1 and 2
Let us note that the momentum operator p is self-adjoint on the set
Proof. We prove (i) by induction on k. An integration by parts gives that for 
Since p is self-adjoint, v ∈ D( p ) and − i Dv = p v . Hence the lemma is true for k = 1. Assume that it is also true for k. Then for w ∈ D(p k+1 ) ,
Lemma 2. If
. Since B is a bounded operator (see (2.1)),
It follows from the preceding lemma combined with (2.5) that
Choosing a subsequence {n } of {n} we therefore find
for a.a. y ∈ R 1 . Hence
where l = 1, 2, · · · , m and Bv l ∈ L 2 (R 1 ) . We are ready to evaluate the integral
By the Schwarz inequality,
On the other hand, with the help of (3.1),
The lemma follows.
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We now turn to the expression (2.2). Let Ω be as in Theorem 1. Then for u ∈ H m (R 1 ) ,
The function y → | ϕ(x y)/ 1 + y 2 | 2 is integrable on R 1 , and so is the function y → ϕ(x y)Bu(y) by (3.1). Hence
We will see that smoothness of v together with continuity of v/x β follows from the two lemmas given just below. 
chosen appropriately. We formally differentiate v α times.
The result follows from (2.6), (2.8) and Lemma 2.
A direct computation gives the following lemma.
Lemma 4. Suppose that g : Ω × R
1 → C 1 satisfies the following conditions:
Then the function F defined by
is continuous at x = a.
We are now in a position to prove our theorems. 
This completes the proof of Theorem 1.
Proof of Theorem 2. By (3.2), = 0 . It follows from (2.7) that
Lemma 4 implies that
Thus the condition (ii) is satisfied, and hence v/x β is continuous at x = 0. The proof of Theorem 2 is complete.
Application to the Schrödinger equation
As stated before, the momentum operator p is self-adjoint on the set
Hence the operator p 2 is also self-adjoint on the set
As an application of our main theorems we consider the following Schrödinger equation for a one-dimensional harmonic oscillator governed by Wigner's commutation relations:
We prepare two lemmas.
Proof. Let A be the operator p 2 restricted to C
As long as c ≥ 3/2, c (c ∓ 1) ≥ 3/4 . So the following result is applicable : The operator 
